Abstract. In this article we study rational curves with a unique unibranch genus-g singularity, which is of κ-hyperelliptic type in the sense of [30]; we focus on the cases κ = 0 and κ = 1, in which the semigroup associated to the singularity is of (sub)maximal weight. We obtain a partial classification of these curves according to the linear series they support, the scrolls on which they lie, and their gonality.
Introduction
Rational curves have long played an essential rôle in the classification of complex algebraic varieties. Even when the target variety is P n , the problem of classifying singular rational curves is surprisingly subtle, and most works to date have concentrated on the case n = 2; see for example [11, 14, 17, 21, 22, 23, 29] . In this paper we explore the classification problem for rational curves with a unibranch singularity P (and which are smooth away from P ).
Semigroups of unibranch singularities naturally form a tree, whose vertices are indexed by their minimal generating sets. The asymptotic structure of the tree's infinite leaves is essentially prescribed by the weights of the underlying semigroups. This leads us naturally to a reconsideration of how these weights should be specified in the first place. In this line of questioning, we are guided by an obvious analogy between semigroups of singular points and semigroups of Weierstrass points of linear series on smooth curves.
For a smooth curve, the Weierstrass semigroup is given either by pole orders of meromorphic functions or of vanishing orders of regular differentials, and via Serre duality each formulation is equivalent. For a singular curve, however, using pole orders or differential orders of vanishing produces two distinct notions of weight. The main premise of Section 1 of this paper is that using a notion of weight based on differential orders of vanishing, as in [16] (who, however, makes no mention of semigroups), confers certain advantages.
Torres [30] has given an asymptotic classification of numerical semigroups according to the notion of weight coming from meromorphic functions. Our Theorem 1.4 (whose proof strongly uses Torres' results) gives a slightly more precise characterization, using a notion of weight based on differentials, for bielliptic singularities: these are shown to be precisely those nonhyperelliptic singularities of maximal weight. It is natural to speculate that Torres' general classification result for κ-hyperelliptic singularities may be refined using our alternative version of weight. We make this quantitatively precise in Conjecture 1.6, and give some evidence for the conjecture in Theorem 1.7.
The analogy with Weierstrass points also leads one naturally to wonder how the stratification of singular rational curves according to gonality interacts with the stratification according to value semigroups (indeed, one of the primary motivations behind Torres' theory was to clarify that causal relationship for smooth curves); this is the focus of Section 2. In Theorem 2.2 we give a simple upper bound for the gonality of an integral projective curve as a function of the arithmetic genus, and characterize when the bound is sharp.
The study of (gonality) of linear series on irreducible singular curves is more delicate than the classical theory for smooth curves. It is both useful and necessary from our point of view to authorize non-removable base points, in the sense of [8] . For example, it is well-known that any trigonal smooth curve lies on a surface scroll. Stöhr and Rosa showed in [24] that the assertion remains true for Gorenstein curves, with the caveats that the scroll might be a cone; and that the g 1 3 might have non-removable base points. More generally, the fact that any smooth d-gonal curve embeds in a (d−1)-fold scroll is due to Bertini; see, e.g. [26, Thm. 2.5] . Theorem 2.5 establishes that rational curves with a single unibranch singularity lie on scrolls of a certain (co)dimension that is computable from their parametrizations. When the singularity is bielliptic, we also obtain (sufficient) conditions for the curve to admit pencils with a non-removable base point. We also give an intrinsic characterization (in terms of k) of those rational curves that carry base-point-free g 1 k 's in Lemma 2.4. Finally, in Section 3, we study rational curves with singularities of maximal and submaximal weight. Theorem 3.1 characterizes hyperelliptic (singular) curves. It should be compared against the well-known characterization of hyperelliptic smooth curves as those for which 2 belongs to the Weierstrass semigroup in a point. Within our category of singular rational curves (with a single unibranch singularity) the analogous characterization fails: hyperelliptic singular curves have hyperelliptic singularities, i.e. singularities for which 2 belongs to the corresponding numerical semigroup, but not vice versa. Accordingly, we attempt to characterize those curves with hyperelliptic singularities that are not (globally) hyperelliptic, i.e. that admit a degree-2 morphism to P 1 . Proposition 3.2 gives a complete resolution in the first nontrivial case of genus 3. We obtain some analogous results for bielliptic singular curves and curves with bielliptic singularities in Theorem 3.3 and Remark 3.4, respectively.
The connection between gonality, embeddings in scrolls, and rational curves with κ-hyperelliptic singularities is a theme to which we intend to return in the future. complement G S ; the genus g = g(S) is equal to the cardinality of G S . The genus of a value semigroup of a singularity encodes the contribution of that singularity to the arithmetic genus of the underlying projective curve.
1. Points of nearly-maximal weight 1.1. Weighting unibranch singularities. A classical result of semigroup theory states that every numerical semigroup S ⊂ N with complement G S = {ℓ 1 , . . . , ℓ g } of cardinality g is of weight
with equality if and only if 2 belongs to S. This in turn leads easily to a (wellknown) fact that hyperelliptic curves are precisely those curves that admit points with semigroups of maximal weight. In an influential paper, T. Kato [16] succeeded in extending the classical story, obtaining an upper bound for the weight of a Weierstrass semigroup of an arbitrary point of a nonhyperelliptic curve, and classifying all maximal nonhyperelliptic curves. In this section we explore the extent to which an analogous story holds in the context of rational curves with a unique unibranch singular point.
It is standard practice in algebraic geometry to let the weight of a nonsingular point P of an integral and projective curve C denote the weight of the semigroup
On the other hand, when P is a singularity, which we will assume throughout this section to be unibranch, there are other seemingly natural choices of weights available. Instead of using (1) we have opted to define the weight in terms of pole orders of differentials; it will turn out that this alternative version is obtained naturally as a perturbation of (1), and that it agrees with (1) precisely when the singularity is Gorenstein.
Concretely now, suppose P is the preimage of a unibranch singularity P , and let
denote a basis for the space of global sections of the dualizing sheaf of the underlying (singular) curve C. Let k i := |v P (λ i )| denote the vanishing order of λ i , where v P is the valuation naturally associated to a desingularization of P . Now reorder the λ i so that 0 < k 1 < . . . < k g−1 and accordingly set (2) w(P ) :=
The latter definition warrants a bit of explanation. In [16] , Kato defined the weight of a point on a (smooth) curve C, using global sections of the dualizing sheaf; classically, these were referred to as differentials of first kind (see, e.g., [25] ), and they are also called regular differentials in [28] . When C is nonsingular, these sections are precisely those meromorphic differentials without poles. If C is singular, they may admit poles along branches of singularities. From this point of view, an extremal situation is one in which all regular differentials of C have poles along the branches of a singularity P . And indeed this happens precisely when C is rational, P is the unique singularity of C, and P is unibranch, which is the case we are dealing with here. It is therefore quite natural to use pole orders (instead of the values themselves) of differentials when defining the weight of P ; and in doing so, we extend Kato's original definition.
For our purposes, it will also be useful to introduce a slight generalization of the usual semigroup-theoretic notion of weight based on pole orders. Namely, to any subset T of the natural numbers with cardinality-g complement
we let the weight W T of T be the quantity
According to [28, Thm. 2.8] , the weight may be explicitly computed from the semigroup S of P . Indeed, let c denote the conductor of S. Setting
we have
where the latter is computed as in (3) since K may not be a semigroup in general. Rather, it is a semigroup if and and only if K = S, in which case S is symmetric. This happens if and only if the point P is Gorenstein, i.e., when ω C,P is a free O P -module.
Remark 1.
1. An interesting fact about (the various ways of computing) the weight of a subset T of N with finite complement is hidden in (5). Namely, the right hand side of that equality, based on (3), gives the standard version: one proceeds from 0 to the conductor, assigning to each gap encountered the number of positive integers in T left behind; these tallies of missed numbers are then summed together. The left hand side, based on (2), gives an alternative: one proceeds backward from the conductor to 0, assigning to each positive integer in T the number of gaps left behind. It is easy to check that both procedures yield the same value. For example, consider the set (not semigroup) T = {0, 1, 3, 4, 6, 7, 9, 10, 12, →}. Proceeding from 0 to the conductor 12, and assigning to each gap the numbers of positive elements of T left behind, we obtain:
Similarly, if we proceed backward from 12 to 0, and assign to each positive integer in T the number of gaps left behind, we calculate:
Now consider the monomial curve C := (t 3 , t 13 , t 14 ) ⊂ P 3 ; the bar notation, which follows [12] , denotes projective closure. It is a rational curve of genus 8 with a unique singularity supported in P = (0 : 0 : 0 : 1), which is unibranch. The semigroup of P is S = {0, 3, 6, 9, 12, →}, and hence K = T. So the weight of P corresponds to (6) using the equality (5). On the other hand, one computes
and from this point of view the weight of P corresponds to (7) using definition (2).
1.2. The maximal case. Next we characterize points of maximal weight. As in the previous subsection (and throughout the rest of this section), a curve C is a rational integral and projective one-dimensional scheme of arithmetic genus g, with a unique singular point P , which is unibranch.
Adapting [30] , we say that P is of κ-hyperelliptic type if its semigroup S satisfies the following properties: (a) S has κ even numbers in [2, 4κ] ; (b) 4κ + 2 ∈ S. For short, we say that P is hyperelliptic if it is 0-hyperelliptic, i.e., 2 ∈ S. Theorem 1.2. The following are equivalent:
(i) w(P ) is maximal as (C, P ) varies among curves of genus g;
The proofs of both Theorem 1.2 and Theorem 1.4, which characterizes curves of submaximal weight, use the following auxiliary result, which may be of independent interest. Lemma 1.3. Let S be a value semigroup of genus g ≥ 0, and let K be as defined in (4) . The corresponding weights are related by
Proof of Lemma 1.3. We will give two proofs. The first is algebraic, the second is combinatorial.
Algebraic proof. It suffices to show that
where g ′ = g ′ (K) denotes the genus of K, i.e. the cardinality of N \ K.
To prove the first equality in (9), let π : C → C be the normalization map, let O := π * (O C ) and let C := Ann(O/O) be the conductor sheaf of C. From [19, Lem 1.6] , the dualizing sheaf ω of C satisfies 
(The latter equality may also be deduced from local duality, as in [28, Thm. 1.5] .) It follows that
To see why the second equality in (9) holds, note that the definition of K implies that for every nonnegative integer a ≤ c − 1,
Accordingly, set m := #(K \ S) = g − g ′ . As usual, let G S = {ℓ 1 , . . . , ℓ g } denote the gap sequence of S, and let N \ K = {ℓ j1 , . . . , ℓ j g ′ } ⊂ G S denote the gap sequence of K. Applying the definition of W S , we obtain
Applying g + g ′ = c, the right side of equality now becomes W K + g ′ , as desired.
Combinatorial proof. Bras-Amorós and de Mier proved [4] that each numerical semigroup may be represented as a Dyck path τ = τ (S) on a g × g square grid with axes labeled by 0, 1, . . . , g. Each path starts at (0, 0), ends at (g, g), and has unit steps upward or to the right. Namely, the ith step of τ is up if i / ∈ S, and is to the right otherwise. The weight W S of S is then equal to the total number of boxes in the Young tableau T S traced by the upper and left-hand borders of the grid and the Dyck path τ . Indeed, the contribution of each gap ℓ of S to W S is computed by the number of boxes inside the grid and to the left of the corresponding path edge.
We may similarly encode K = K(S) as a path inside a g K × g grid, where g K = #{N \ K}; W K is then the total number of boxes in the Young tableau T K delimited by the path and the border of the grid.
We now focus on precisely how the tableaux associated to W S and W K differ. Namely, let ℓ k ∈ G S denote the smallest gap larger than the smallest nonzero element in S. The following facts are immediate consequences of construction.
i. The total contribution of the gaps ℓ j , k ≤ j ≤ g − 1 to W S is given by (the area of) a Young tableau T 1 which lies below the uppermost row of boxes in the bounding grid of S. ii. The boxes to the left of the subpath of K with labels c−1
define a Young tableau that is transpose to T 1 , and which lies below the uppermost row of boxes in the bounding grid of K. See Figures 1 and 2 for an illustration of the tableaux involved when S = 4, 10, 11, 17}, in which case g = 8 and c = 14.
In particular, W K − W S is computed by the difference between the (number of boxes in) the uppermost rows of T K and T S , respectively. We conclude by noting that the uppermost row of T S has ℓ g − g = c − 1 − g boxes, while the uppermost row of T K has g − 1 boxes. Proof of Theorem 1.2. First note that if 2 ∈ S then S is symmetric, so w(P ) = w(S), and (iii) =⇒ (ii) follows trivially.
(ii) =⇒ (iii): From (5), we have w(P ) = W K . On the other hand, W K is defined by (3) and the dependency of K on S is spelled out by (4). We will derive the desired conclusion by showing that for any semigroup S with W K = g 2 , we have 2 ∈ S. If S is symmetric then K = S and the result is classical. So it suffices to show that if S is non-symmetric, we have W K < g 2 . For this purpose, we argue by induction on g. If g = 1, the claim is vacuous. Now suppose the claim holds in all genera g < γ, for some positive integer γ ≥ 1. Choose any non-symmetric semigroup S ′ of genus γ. Note that [5, Lem. 4] establishes that nonhyperelliptic symmetric semigroups are leaves of the semigroup tree, i.e. such semigroups have no descendents. In particular, the unique parent S of S ′ in the semigroup tree is necessarily non-symmetric. By induction, it suffices to show that the corresponding weights W K ′ and W K derived from S ′ and S, respectively, satisfy
Applying (8), we see that the latter inequality, in turn, is equivalent to the assertion that
where c and c ′ are the conductors of S and S ′ , respectively. However, it is also clear that
where ℓ γ and ℓ γ ′ are the largest gaps of S and S ′ , respectively. So (10) is in fact equivalent to the assertion that
Finally, the inequality (11) follows directly from the fact that S is non-symmetric, since the conductor of a non-symmetric semigroup is always strictly less than twice the genus.
(i) ⇐⇒ (iii): In the previous item, we showed that 2 / ∈ S =⇒ W K < g 2 . In particular, W K is not maximal whenever 2 / ∈ S. The converse is obvious.
1.3. The submaximal case. In a similar vein, we say the singular point P of C is bielliptic if it is 1-hyperelliptic, i.e., 4 and 6 are the smallest positive integers in S. Our next result establishes that among singular points of a given genus, the bielliptic ones are precisely those of submaximal weight, i.e., of maximal weight among nonhyperelliptic points.
Theorem 1.4. Let C be a curve of genus g ≥ 11. Then the following are equivalent: (i) w(P ) is submaximal as (C, P ) varies among curves of genus g; (ii) w(P ) = (g 2 − 5g + 10)/2; (iii) P is bielliptic.
Proof of Theorem 1.4. (iii) =⇒ (ii): Assume that (iii) holds. There are two cases to consider, depending upon whether S has one or two minimal generators besides 4 and 6. Set S * := {s ∈ S | s ≤ c}. In the first case, we have
and S is symmetric, with minimal presentation 4, 6, 2g − 3 . We find that
In the second case, we have
and S has minimal presentation 4, 6, 2g−3, 2g−1 (in particular, S is nonsymmetric, with conductor c = 2g−2). We find that W S = (g 2 −5g+6)/2; W K = (g 2 −5g+10)/2 then follows from (8).
(ii) =⇒ (iii): It suffices to show that the minimal nonzero elements of any nonhyperelliptic semigroup S with W K = (g 2 − 5g + 10)/2 are 4 and 6. For this purpose, we proceed by induction on g, much as in the proof of Thm 1.2. Note first that the claim holds when g = 11. Indeed, [31, Lem. 3.4] , combined with (8) , shows that the conductor c of a non-hyperelliptic, non-bielliptic semigroup S with at-least submaximal weight necessarily satisfies c ≤ 16, or equivalently, that the largest gap ℓ 11 of S is necessarily such that ℓ 11 ≤ 15. Now let e S denote the multiplicity of S. The fact that all eleven gaps of S are at most 15 forces e S ≥ 4.
Say, for the sake of argument that e S = 4. The next-smallest element in S is then necessarily at least 13 (according to the requirement that all eleven gaps be at most 15). But then S = 4, 13, 18, 19 is forced, and we obtain W K = 23, which is less-than-submaximal.
Pushing this line of argument further, we find that the only numerical semigroups with e S ∈ {5, 6} conforming to the requirement that all 11 gaps be at most 15 are the (unique) completions of the sets {5, 11}, {5, 12}, {5, 14}, {6, 8}, {6, 9}, {6, 10, 13}, {6, 10, 14}, and {6, 10, 15} to minimal generating sets of genus-11 semigroups. (In particular, the gap set of the semigroup corresponding to a given set {s i } i consists of precisely those integers between 1 and 15 not realizable as a positive linear combination of the s i .) We leave it to the reader to check that each of these semigroups has less-than-submaximal weight.
On the other hand, note that
in general, with equality in (12) holding if and only if G S = {1, 2, . . . , e S − 1} ∪ {e S , . . . , 15}. In particular, (12) implies that W S ≤ 10 whenever e S ≥ 7. It then follows immediately that W K = W S + 22 − c is submaximal whenever e S ≥ 7.
Now suppose the claim holds in all genera 11 ≤ g < γ, for some positive integer γ ≥ 12. Then Torres' [31, Thm. 3.6] guarantees the claim holds for all symmetric semigroups S ′ of genus γ. Now say S ′ is non-symmetric. Just as in the proof of Thm 1.2, it follows that the unique parent S of S ′ in the semigroup tree is non-symmetric. Moreover, by induction using (8), we may conclude whenever the largest gap ℓ γ−1 of S satisfies
In fact, (13) may fail, but only if ℓ γ−1 = 2γ − 4 and c = 2γ − 3. It follows by construction that the conductor c ′ of S ′ necessarily satisfies
In particular, (8) implies that
Now suppose that 4 and 6 are not the minimal elements in S. It then follows from loc. cit. that
Combining (14) with (15) yields W K ′ < (g 2 − 5g + 10)/2, as desired.
(i) ⇐⇒ (iii): Obvious from the above, as in the proof of Theorem 1.2.
Remark 1.5. The hypothesis g ≥ 11 is necessary (and optimal); for example, S = 3, 11 is a non-bielliptic semigroup of genus 10 with W S = W K = 30, while (g 2 − 5g + 10)/2 = 30.
1.4.
Beyond the submaximal case. Theorems 1.2 and 1.4 were inspired by Torres' weight-based asymptotic characterization [31, Thm. 3.6] of κ-hyperelliptic semigroups. Torres shows that whenever g ≫ κ, a numerical semigroup S of genus g is κ-hyperelliptic if and only if the weight W S satisfies
Our Theorem 1.4 refines Torres' result when κ = 1, in the sense that our use of the modified weight W K in place of W S allows us to replace the inequality (16) by an equality (in which the upper bound in (16) remains).
It is natural to wonder whether an analogue of the characteristic inequality (16) holds when W S is replaced by W K . We speculate the following. Conjecture 1.6. Whenever g ≫ κ, S is κ-hyperelliptic if and only if the weight
As evidence for Conjecture 1.6, we prove the following statement about the weight of a κ-hyperelliptic semigroup S, under a convenient technical hypothesis. Theorem 1.7. Let S denote a κ-hyperelliptic semigroup of genus g ≫ κ, with next-to-largest gap ℓ g−1 . Assume that each of the κ odd elements of S ∩ {1, . . . , 2g} is strictly larger than ℓ g−1 . Then (17) holds.
Proof of Theorem 1.7. The fact that S ∩ {1, . . . , 2g} has precisely κ odd elements is well-known, and indeed was crucially exploited by Torres in proving his [31, Thm. 3.6] . To prove our result, we will apply the (also well-known) facts that the smallest κ even elements P 1 < · · · < P κ of S ∩ {1, . . . , 2g} satisfy P κ = 4κ, and that all even numbers greater than or equal to 4κ belong to S.
Given the combinatorial descriptions of W S and W K given in the proof of Lemma 1.3, it now suffices to estimate the total contribution of the gaps ℓ k , . . . , ℓ g−1 to W S , where ℓ k is the smallest gap larger than the smallest nonzero element of S. In the terminology of the proof of Lemma 1.3, this is precisely the total number of boxes in the Young tableau T 1 .
Under our technical hypothesis, however, the size of T 1 is controlled by the relative distribution of the even elements P 1 , . . . , P γ = 4κ. In particular, it is clear that the number of boxes in T 1 is minimized when P j = 2κ + 2j, j = 1, . . . , κ.
With respect to these choices, T 1 is a staircase, i.e. each successive column has one fewer box than the preceding one. Since the first column of T 1 has precisely (g − 1) − (2κ + 2 − 1) = g − 2κ − 2 boxes, we deduce that its weight (i.e. total number of boxes) is given by
and it follows that
Similarly, W (T 1 ) is maximized when
With respect to these choices, T 1 is a tableau whose jth column is 3 boxes shorter than the (j + 1)th, for all j = 1, . . . , κ − 1, before stabilizing to a staircase from Figure 3 . Tableaux T 1 associated with weight-minimizing and weight-maximizing κ-hyperelliptic semigroups that verify our technical hypothesis when g = 20 and κ = 3. The (irrelevant) uppermost line is left empty, the minimal T 1 is in grey, and the disparity κ 2 − κ = 6 between minimal and maximal weight is in red.
column κ onwards. It follows that
and consequently, that
See Figure 3 for an illustration of tableaux associated to κ-hyperelliptic semigroups that verify our technical hypothesis when g = 20 and κ = 3. The significance of our technical hypothesis is that it ensures that T 1 stabilizes to a staircase, while S 0 does not exhibit this behavior-indeed, its corresponding tableau T 1 is symmetric. More to the point, we expect W K to be maximized precisely when S = S 0 . Nevertheless, the argument we have used to prove Theorem 1.7 is consistent with the general principle that the weight is maximized when the κ smallest nonzero even elements of S are precisely 4j, j = 1, . . . , κ. So it seems reasonable to expect that an appropriate generalization of the argument we have used will prove Conjecture 1.6.
Linear Series, Gonality and Scrolls
Having fixed a choice of definition for the weight of a unibranch singularity, we now take a moment to review the theory of linear series on (irreducible) singular curves. For us, the key point is that linear series on singular curves may admit "non-removable" base points, in a sense made precise by Coppens [8] . Linear series with non-removable base points play a key rôle in Rosa and Stöhr's geometric classification of trigonal Gorenstein curves [24] , which naturally generalizes the well-known classification of smooth trigonal curves. They also serve to describe pencils on non-Gorenstein curves; see [13, Ex. 2.2].
2.1.
Conventions for linear series on singular curves. We use g r d as a shorthand for a linear series of degree d and dimension r. Here some care is required, as our curves are singular. For our purposes, a linear series of dimension r in C will denote any set of fractional ideals of the form
where F ⊂ K C is a torsion-free rank one subsheaf of the canonical sheaf of C, and V is a vector subspace of H 0 (F ) of dimension r + 1. The degree of L is
where χ is the holomorphic Euler characteristic. In particular, when O C ⊂ F we have deg F = P ∈C dim(F P /O P ). A point P ∈ C is called a base point of a linear series L = L(F , V ) if xO P F P for every x ∈ V . A base point is called removable if L(O V , V ) has no base points, where O V is the sheaf generated by the sections in V (this notion is due to Coppens; see [8] ). So P is a non-removable base point of L if and only if the stalk O C V P is not a free O P -module; if so, P is necessarily singular.
2.2.
Gonality of singular curves. An integral and projective curve C is said to be hyperelliptic whenever a degree-2 morphism C → P 1 exists. Note that this definition applies irrespective of whether C is nonsingular or not. However, the latter definition is not, in the general case, equivalent to stipulating that the curve carry a g Rather, as will be spelled out in Theorem 3.1, for the usual equivalence between these two characterizations to hold, we should insist that the g Proof. There exists a morphism φ := (x 0 , x 1 ) : C → P 1 if and only if for each Q ∈ C there is some i(Q) ∈ {0, 1} such that x i /x i(Q) ∈ O Q for i = 0, 1. Equivalently,
That is, F := O C x 0 , x 1 is invertible, which is the same as saying that L(F , x 0 , x 1 ) is base-point-free. Since deg(φ) = deg(F ), the equivalence follows.
We call the gonality of C, and denote by gon(C), the smallest k for which C carries a g 1 k . Theorem 2.2. Let C be an integral and projectice curve of genus g over an algebraically closed field. Then gon(C) ≤ g + 1 and if the bound is attained then C is Gorenstein, and its normalization is either P 1 , i.e., C is rational, or an elliptic curve.
Proof. Follow the proof of [6, Thm. 3.(i)] and use the fact that C is Gorenstein if and only if all of the local quotients ω P /O P (as P varies over points in C) are zero.
For later use, we recall the following definition/notation: the r-fold scroll S = S m1m2...mr is the set of points S = {(x 0 : . . . : x n )} ⊂ P n such that the rank of the matrix
is less than 2.
For the remainder of this article, a curve C will be again a rational curve with a unique singular point P which is unibranch. Let P ∈ C = P 1 denote the preimage of P under the normalization map. The semigroup of P is then S = v P (O P ). Let m := m C (P ) denote the multiplicity of C at P . Convention 2.3. Write K(C) = C(t) and P 1 = C ∪ {∞} so that t is the identity function at finite distance, and P = 0. In particular, t is a local parameter at P . Then write C = {P } ∪ (P 1 \ {0}), i.e., we identify the regular points of C with their pre-images under the normalization map.
With this convention, we obtain the following characterization of curves (in the sense of this section) equipped with base-point-free pencils. with no common factor and f (0) = 0, such that f /h ∈ O P , and
, f /h ∈ O P , and we may take f and h with no common factors and, subtracting a suitable constant, we may further assume that f (0) = 0. Setting
Theorem 2.5. Let C denote a curve (subject to the standing hypotheses of this section) that is the image of a morphism f = (f 0 , . . . , f n ) :
Normalize f by letting f 0 = 1 + a r t r + a r+1 t r+1 + . . . , and
(i) Assume m = 2 and that one of the following conditions holds: r is odd, and either r < s or s = 0; s is odd, and either s < r or r = 0; r = s, both are odd, and a r = a m+s . Then C carries a g 1 k with a non-removable base point where
, and define the vector space
Then C lies on a scroll S ⊂ P n of codimension dim(U ).
Proof. To prove (i), consider the power series (18)
We claim the linear series L(F , 1, t 2 ) is a g 1 k which has P as a non-removable base point. To see this, let P be the preimage of P under the normalization C → C and set a := 2 + min{r, s}. We have y := x − ct 2 ∈ F P for any c ∈ k and, by (18) , we may choose c such that y = bt a + . . . for some nonzero b ∈ k; that is, such that a ∈ v P (F P ). But F P is an O P -module, so x i y ∈ F P for any i ≥ 0, which implies that a + 2i ∈ v P (F P ) for any i ≥ 0. Therefore we have (19) v P (F P ) = {0, 2, 4, . . . , a − 1, →}.
From (19), we see there is no q ∈ Z for which v P (F P ) = S + q and thus, there is no function z ∈ k(C) for which F P = z · O P . That is, F P is not free, i.e., P is a non-removable base point of L.
In order to compute the degree of L we express the set v P (F P ) in a different way. Namely, setting e := g − (a + 1)/2 we have v P (F P ) = S ∪ {a, a + 2, a + 4, . . . , a + 2e}.
On the other hand,
and we have
so the item follows.
To prove (ii), we adapt an argument of Schreyer's [26, (2.2), p.113]. Consider the very ample sheaf O C (1) = O C 1, x 1 , . . . , x n , where x i := f i /f 0 . Since O C (1) P = O P and since we identify smooth points of C with their preimages, we may write
where H is the Weil divisor on P 1 given by 
, and consider the multiplication map
The map (20) is given by a 2 × h 0 (O C (H − D)) matrix whose minors cut out a scroll S ⊂ P n for which
) and it is not hard to see that
Accordingly, we have
and the claim follows.
3. Curves with points of nearly-maximal weight 3.1. The maximal case. Given the classical equivalence between hyperelliptic (smooth) curves and curves with hyperelliptic Weierstrass semigroups, it is natural to wonder whether this characterization extends to our setting as well. This is not true in general, as we shall see. We begin by characterizing (globally) hyperelliptic singular rational curves.
Theorem 3.1. Let C be a curve of genus g. Then the following are equivalent:
(ii) C carries a base point free g
with h(0) = 0 and deg(h) ≤ 2; (iv) C is Gorenstein and isomorphic to a curve of degree 2g + 1 in P g+1 lying on the cone S 0,g ; (v) C is Gorenstein and gon(C) = 2. Here t is an inhomogeneous local parameter for the normalization of C, centered at the preimage P of the unique singular point P ∈ C, as in Convention 2.3.
Proof. The equivalence (i) ⇐⇒ (ii) follows immediately from Lemma 2.1.
We now prove (ii) ⇐⇒ (iii). From Lemma 2.4, C carries a base-point-free g 1 2 if and only if there exist polynomials f, h ∈ C[t] with no common factor for which f (0) = 0, f /h ∈ O P , and
In particular, if C carries a base-point-free g 1 2 , we necessarily have deg(f ) ≤ 2, deg(h) ≤ 2, and moreover h(0) = 0 as f (0) = 0 and f, h have no common factor. But since P is singular, t is a local parameter at P , f /h ∈ O P and f (0) = 0, it follows that
On the other hand, the fact that h(0) = 0 means that v P (h) = 0, so from (21) we deduce that v P (f ) ≥ 2. This in turn forces f = at 2 for some nonzero constant a ∈ C, and (iii) follows. Reversing each of the preceding arguments yields (iii) =⇒ (ii).
The equivalence (i) ⇐⇒ (iv) may be found in [19, Thm. 3.4 .(a) ⇔ (b)]; use the fact that the linearly normal curves defined there are non-Gorenstein.
To finish the proof, note that gon(C) = 2 if and only if C carries a g Note that if C is any curve of genus g = 1, then O P = C ⊕ t 2 O P ; in particular, t 2 ∈ O P and so C is hyperelliptic. Similarly, if g = 2 and S is hyperelliptic, then O P = C ⊕ C(t 2 + at 3 ) ⊕ t 4 O P for some a ∈ C; so t 2 /(1 − at) ∈ O P , and hence C is hyperelliptic. We next characterize the set of nonhyperelliptic curves of genus 3 with hyperelliptic semigroups S. To this end, first recall than any curve with 2 ∈ S is Gorenstein, since non-Gorenstein points only occur with multiplicity three or more. So whenever 2 ∈ S, the previous theorem establishes that gon(C) = 2 is equivalent to C being hyperelliptic. Proposition 3.2. Every nonhyperelliptic curve C of genus 3 with 2 ∈ S is isomorphic to a plane curve with (inhomogeneous) parametrizing functions f i :
for some a, b, c, d ∈ C, such that ac = 0. Moreover, C is trigonal.
Proof. Let L = L(ω C , H 0 (ω C )) denote the canonical linear series on C. Note that C is Gorenstein, as 2 ∈ S. Since C is also non-hyperelliptic by assumption, L defines an embedding ϕ : C ֒→ P g−1 = P 2 and C ′ := ϕ(C) is the canonical model of C first described by Rosenlicht in [25] and investigated more recently by Kleiman and the third author in [19] . Let π : C → C denote the normalization map; then ϕ • π : P 1 → P 2 is a parametrization of the canonical model, which we denote (abusively) by
By general theory (see, e.g., [28, Thm 2.8, Cor. 2.9]), there exists a basis of H 0 (ω C ) whose generators vanish to orders {0, 2, 4} in P . More precisely, ω C may be embedded in the constant sheaf of meromorphic functions so that H 0 (ω C ) = 1, x, y where x := f 1 /f 0 , y := f 2 /f 0 are affine coordinates around the singular point P = (1 : 0 : 0). Now, since deg ϕ • π = deg(ω C ) = 2g − 2 = 4, after replacing the f i , 0 ≤ i ≤ 2 with appropriately-chosen linear combinations we obtain
(We could further assume that f 1 has no t 4 -term, but this is unimportant.)
We claim that a 1 = 2a. Indeed, let h :
Thus h ∈ O P ; on the other hand, we have
The fact that 5 / ∈ S now forces 2a − a 1 = 0, as desired.
Similarly, the possibility a 1 = a 3 = 0 is precluded. Otherwise, C is a nonreduced (double) curve supported along
which is precluded, because (by the standing hypotheses of this section) C is necessarily integral. We claim that in fact a 1 = a 3 = 0 is the only situation in which C admits a g 1 2 . Indeed, O P is locally generated by the functions f 1 /f 0 and f 2 /f 0 . So whenever C admits an inhomogeneous parametrization in t with coefficients a, b, c, d as in (22), we have t 2 /h ∈ O P for any h ∈ C[t] with h(0) = 0 and deg(h) ≤ 2; it then follows from Lemma 3.1.(iii) that C is not hyperelliptic. An alternative path to the same conclusion is by remarking that C is a canonical curve, and as such cannot be hyperelliptic.
We may use Lemma 2.4 and Theorem 2.5 to deduce that C is trigonal in some cases. For example, if d = 0, the base-point-free g on C (since C is of degree 4) with a base point at Q whenever Q ∈ C. If Q is a smooth point of C, it is a removable base point of the pencil; we then obtain a g We conclude that C is trigonal by noting that since C is Gorenstein of genus g ≥ 2, it cannot carry a g 3.2. The submaximal case. In the study of Weierstrass points on smooth curves, bielliptic semigroups correspond to bielliptic curves; that is, curves that are 2-to-1 covers of elliptic curves. Similarly, in our setting of singular rational curves (with a unique singular point), it is natural to call a curve bielliptic whenever it comes equipped with a degree-2 morphism to an elliptic curve. Note that the elliptic target will necessarily be singular. As Theorem 3.3 below shows, if the singular point of a an arbitrary bielliptic curve is nonhyperelliptic, then it is necessarily bielliptic. The converse, however, fails. Theorem 3.3. Let C be a curve of genus g ≥ 5 such that P is nonhyperelliptic. Then the following hold:
I. If C is bielliptic, then:
(i) P is bielliptic;
(ii) C is isomorphic to a curve of degree 2g + 1 in P g+1 such that: (a) if C is Gorenstein then it lies on a 3-fold scroll S m,n,1 ; (b) if C is non-Gorenstein then it lies on a 4-fold scroll S m,n,0,0 where m = ⌊g/2⌋ and n = ⌈(g − 4)/2⌉. (iii) C is at most tetragonal, and non-Gorenstein if it is trigonal. II. If g ≥ 10, then C is bielliptic if and only if it carries a base point free g Proof. To prove item I.(i), assume there is a degree-2 morphism φ : C → E, where E is elliptic. Up to isomorphism, E is the projective closure of Spec [u 2 , u 3 ]. Let P be the point of P 1 which lies over P and let t be the corresponding adapted local parameter. Now φ lifts to a double cover φ : P 1 → P 1 that corresponds to the inclusion C(u) ⊂ C(t). Set Q := φ(P ), and let u Q be the corresponding adapted local parameter. The ramification index of φ at P is e P := v P (u Q ) and φ is ramified at P if e P > 1. The Riemann-Hurwitz formula implies that φ ramifies at two points, both with simple ramification. So v P (u Q ) ≤ 2. Now assume for the sake of argument that φ(P ) is nonsingular; then, by construction, u Q ∈ O P . But P is nonhyperelliptic, hence 2 ∈ S; then v P (u Q ) ≥ 3 is forced, which yields a contradiction. So φ(P ) is necessarily the unique singular point of E. This means that u Q = u and u 2 , u 3 ∈ O P . Since 2 ∈ S, it follows that v P (u) = 2, hence 4, 6 ∈ S. If 3 ∈ S, we have g ≤ 3, while if 5 ∈ S, we have g ≤ 4; the item follows. Now choose x, y, z, u ∈ O P such that v P (x) = 4, v P (y) = 6, v P (z) = 2g − 3 (resp. v P (z) = 2g − 1) if S is symmetric (resp., nonsymmetric), and v P (u) = 2g + 1.
If C is Gorenstein, then S is symmetric, and the morphism φ := (1, x, x 2 , . . . , x m , y, xy, . . . , x n y, z, xz) :
is an embedding. Indeed, the morphism φ is prescribed by the linear series L = L(O C V , V ) where
. . , x m ; y, xy, . . . , x n y; z, xz . thus φ(C) lies on the scroll S m,n,1 ⊂ P g+1 .
Similarly, if C is non-Gorenstein, then S is nonsymmetric, and the morphism To prove I.(iii), since C is bielliptic, composing the maps C → E → P 1 we get a 4:1 cover of the projective line, so gon(C) ≤ 4. Now setup C as in Convention 2.3 and recall that any g 
To see it, note that the first summand above agrees with ℓ(F P /O P ). In particular,
Set a := v P (f /h) and A := v P (F P ) \ S; we may further assume a = 0 subtracting constant if necessary; besides,
Combining (24) and (25) , one sees that to reach gonality 3 we may assume |a| ≤ 2 since m C (P ) = 4. If |a| = 1, then {a, 4 + a, 6 + a} ⊂ A and so k ≥ 4. If a = −2, then {−2, 2} ⊂ A and so k ≥ 4 as well. And if a = 2 and C is Gorenstein, then {2, 2g − 1} ∈ A so k ≥ 4 also. It follows that gonality 3 can only be computed with a = 2 and C non-Gorenstein. In this case, if, for instance, O P is monomial, then clearly deg(O C 1, t 2 ) = 3 and C is trigonal.
To prove item II, assume C is bielliptic. Following the proof of item I.(i), let V denote the vector space 1, u 2 , u 3 , u 4 ⊂ k(C), and let F := O C V denote the sheaf it generates. By construction, the linear series L = L(F , V ) is three-dimensional. Because u 2 , u 3 ∈ O P , the sheaf F is invertible; and because F is globally-generated, the linear series L is base-point-free. Now (1, u) : P 1 → P 1 is a double cover; it follows that deg(F ) = 8. Indeed, consider the sheaf G :
On the other hand, by construction,
Conversely, assume C carries a base-point-free g Further, equality holds in (26) in precisely four cases:
(a) F = O C , which is precluded because deg(F ) = 8 = 0; (b) F = ω C , which is precluded because g = 5; (c) C is hyperelliptic, which is precluded by assumption; (d) or C is such that h 0 (O/C) = 1.
In the last case, C is linearly normal in the sense of [19] . On the other hand, if C is linearly normal, then m P = C P and if C carries base point free g 8 3 , its associated vector space V is of the form V = 1, x 1 , x 2 , x 3 with each x i ∈ O P . We may assume, e.g., that x 1 ∈ m P , but then deg(F ) ≥ v P (x 1 ) ≥ g + 1. In particular, if g ≥ 8, we have deg(F ) ≥ 9 and so this possibility is precluded as well. Consequently, equality in (26) does not hold, and L is complete. Now let φ : C → P 3 be the morphism induced by the g 3 8 , and set C * := φ(C). Note that φ cannot be birational; otherwise, applying Castelnuovo's genus bound [1, p.116 ] to φ yields g ≤ 9, contrary to assumption. Accordingly, set d ≥ 2 denote the degree of the finite cover φ. Note that the sheaf G := O C * φ * (H 0 (F )) on C * . That is, φ realizes C as a double cover of an elliptic curve. Since C is rational, C * is too. As such, C * has just one singularity which is either an ordinary cusp or an ordinary node. Moreover, from the proof of item I.(i) we see that φ lifts to a double cover φ : P 1 → P 1 which is ramified at P and such that P * = φ(P ) is singular. Because φ ramifies at P , P * cannot be a node; we conclude that C * = E.
To produce examples of nonbielliptic curves C with bielliptic singularities P , one possibility is to apply item II of the preceding theorem, and exhibit a g 3 8 that is birational (as opposed to a double cover of an elliptic curve). Another possibility is suggested by the following observation.
Remark 3.4. Every bielliptic structure C → E may be lifted to a double cover P 1 → P 1 , in such a way that the following diagram commutes:
Here π C and π E are the normalizations of C and E, respectively.
Consider, then, the following two examples of curves C with locally planar bielliptic singularities P (in each case, O P is the localization of C[x, y] at the ideal (x, y)):
• Example 1: Let (x, y) = (t 4 , t 6 + t 7 ). In this case, the unique rational curve C whose unique singularity is P fails to cover E. Indeed, note that the morphism φ = (1, t 4 , t 6 +t 7 , t 8 ) associated to the g 3 8 of C is clearly birational; it follows from item II of Theorem 3.3 it follows that C is nonbielliptic.
• Example 2: Let (x, y) = (u 2 , u 3 ), where u := t 2 1+t 3 . Let C be the unique rational curve whose unique singularity is P , and let D be the rational curve parametrized by (1 + t 3 , t 2 , t 4 ). Then C covers E; indeed, we have the following commutative diagram:
/ / E . Proposition 3.2 implies that (1, u) is a morphism of degree 3, i.e., that C → E is a triple cover. We claim that no double cover C → E exists. Otherwise, we could write (x, y) = (v 2 , v 3 ) for some v ∈ O D ′ ,P ′ , with P ′ a singular point of some D ′ , such that (1, v) : D ′ → P 1 is a double cover as in (27) . However, Lemma 3.1 implies that any v for which (1, v) defines a double cover is necessarily of the form v = t 2 /h for some h ∈ C[t] with h(0) = 0 and deg(h) ≤ 2; we leave it to the reader to check that such a v does not exist.
